A design procedure is described to determine the thicknesses of single-layer coatings of a given dielectric on a given metallic substrate so that any input polarization of light is preserved after two reflections at the same angle of incidence from a parallel-mirror beam displacer or an axicon. This is achieved by equalizing the net complex p and s reflection coefficients (also called the radial and azimuthal eigenvalues of an axicon) after two reflections. The net polarization-independent reflectance (insertion loss) of the device is computed and found to exceed the net minimum parallel reflectance of the uncoated device for incidence above a certain angle. Thus the dielectric films serve (1) protective, (2) polarization-corrective, and (3) reflectanceenhancement functions simultaneously. The sensitivity of the designs (deviation from the condition of polarization preservation) to small film-thickness and angle-of-incidence errors is examined. Results are presented graphically and in tables of applications of the method to beam displacers and axicons for He-Ne laser light, X = 0.6328,4m, using A1 2 0 3 (or Si 2 0 3 )/Al and MgF 2 /Al film-substrate systems, and for CO 2 laser light, X = 10.6,4m, using ZnS or ThF 4 films on an Ag substrate.
Introduction
In a recent Letter, 1 it was shown that it is possible to displace a monochromatic light beam parallel to itself without change of polarization by a pair of parallel mirrors, if the metallic mirror surfaces are coated by a single dielectric layer of specific thickness for each mirror. The idea is to accept the polarization change that accompanies a single reflection but to make the polarization changes upon two consecutive reflections mutually compensating for a net null effect. This simple approach can be directly applied to the design of polarization-preserving axicon reflectors for lasers with an annular gain region. 2 4 The polarization problem of such biconical laser mirrors had earlier been stated by Fink 5 , and, shortly thereafter, a solution was provided by Southwell 6 using 900/reflection multilayer phase-shift coatings.
In this paper we describe the design procedure of polarization-preserving single-layer-coated beam displacers and axicons ( Fig. 1 ) and present detailed results of its application, including an error analysis, over the full range of angles of incidence 0 < 0 < 900, using dielectric-coated aluminum and silver mirrors at the common 0 . 6 3 2 8 -um He-Ne and 10.6-Arm CO 2 laser wavelengths.
Design Procedure
The change of polarization on single reflection from an optically isotropic surface is completely determined by the ratio of complex reflection coefficients, p = R/R, (1) of the parallel p and perpendicular s polarizations. For light of wavelength X, incident at an angle from a transparent ambient of refractive index No onto a metallic substrate coated by a dielectric film of thickness d and refractive index N 1 , the p and s reflection coefficients are given by 7 R = rol + r 12 , exp(j2r~) 1 + rojvrM 2 , exp(-j27rt) v =pS. (2) rolv and r 1 2 p are the ambient-film and film-substrate Fresnel's interface reflection coefficients for the v polarization, and P is the normalized film thickness:
where
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is the film-thickness period. From Eqs. (1) and (2) it is evident that p is a function of 0 and A; 
If two parallel mirrors (of a beam displacer) or coaxial cones (of an axicon reflector) of the same substrate material are coated by a transparent film of the same dielectric material but of thickness 1i for one mirror and {2 for the other, the combined effect of two reflections at the same angle is given by the product
The condition of preservation of polarization is that
or that
Equation (8) can be solved for ¢1,{2 (for a given 0) numerically on a digital computer. To this end, we have used the following Newton-Raphson method. 8 Equation (8) is broken into its real and imaginary parts: 
where the argument of all functions has been dropped for simplicity. We pretend that the initial vector is
The two linear algebraic equations (14) are solved for Ai1, A/ 2 . The new vector ( + 1, t + A 2 ) is determined and is used as an updated (improved) initial vector for the second round of iteration. This process is repeated until the change of A/ 1 , A1 2 between the n + 1 and n iteration steps falls below 10-6 or 10-7, at which point the solution is considered reached. As a check, the final solution vector (1, 2) is substituted into the right-hand side of Eq. (6), and the net ratio of reflection coefficients Pn is verified to be unity to within in the real and imaginary parts. Hence polarization preservation is achieved. We have found the foregoing simple Newton-Raphson method to be adequate and accurate and converges, after a reasonable number of iterations (usually <30), to a correct solution when an arbitrary initial vector (t1,S2) is assumed. Furthermore, all valid multiple solutions (when they exist) can be uniquely determined by beginning iteration from a sufficiently large number of different initial vectors. To verify the number of solutions, we have on occasion plotted the closed contours of p and 1/p at a given 0 and checked and counted their points of intersection.
It should be noted that if (1, 2) is a solution, (1 + m, {2 + n) will also be a solution, where m and n are any two positive integers. This follows because the p and s reflection coefficients, Eq. (2), hence their ratio p, are periodic functions of v of period 1. The actual thicknesses of the dielectric films are given by
As we stated earlier, we will consider only the reduced (least) film thickness in the interval specified by (12) , the periodic multiplicity of the solutions being understood.
In addition to the polarization-maintaining characteristic of the beam displacers and axicons that are designed as described here, such devices have the important advantage of a net reflectance (insertion loss) that is independent of the input polarization. (The net reflectance of the uncoated device is, of course, a function of the input polarization.) The polarization-independent net intensity reflectance of the coated device,
is calculated from Eq. (2) as
Equality of the net (two-bounce) reflectance for the p and s polarization, Eq. (20), provides an additional check on the correctness of the solutions obtained. In the following we will also examine the sensitivity of a given design to small film-thickness and angleof-incidence errors. This is done by direct calculation of the perturbed net ratio of the reflection coefficients
Pn:
shift AX has the same effect as simultaneous filmthickness errors Adi where Adi/di = -AX/X, and i = 1,2 for mirrors 1 and 2. As a first design example, we consider parallel-mirror beam displacers or axicons that preserve polarization of He-Ne laser light of 0.6328-,gm wavelength. We assume incidence from a medium of refractive index No = 1 (usually air), take aluminum as a substrate (usually obtained by vacuum deposition of an optically thick opaque layer of the metal), and assume a transparent film of refractive index 1.55, which represents either A1 2 0 3 (simply obtained by oxidation of the Al substrate) or Si 2 0 3 (obtained by vacuum deposition of SiO in the presence of oxygen). 9 It is interesting to note that such layers are often used anyway as protective layers, and it is indeed worthwhile to require that they also serve the additional function of polarization preservation in beam displacer or axicon applications by properly selecting their thicknesses. The complex refractive index of Al is taken as1 0 1.212-j6.924. Because the optical properties of materials depend on conditions of their preparations (especially if that involves vacuum evaporation), only values that are truely representative of a given actual process should be used in the design.
The design procedure of Sec. II was applied at discrete angles of incidence 4 from 5 to 850 in steps of 5°. Solutions for the normalized film-thickness pair (P1,2) were found at all angles and are plotted vs 0 in Fig where
(¢1,2) is an exact solution (film-thickness pair) at a given angle of incidence 4, = 02 = 0, and A/j, Aoi are intentional and independent small film-thickness and angle-of-incidence errors. The deviation from the ideal condition of polarization preservation, Pn = 1, is expressed in terms of separate magnitude and phase errors:
magnitude error = IPn I -1, phase error An = argpn.
The wavelength sensitivity of a design can be estimated from its film-thickness sensitivity, if the effect of material dispersion over the narrow spectral width of the source is neglected. In this case, a wavelength = 700. For clarity, these figures are stretched in the horizontal real-axis direction by a constant scaling factor. The number of distinct solutions (1, 2) for polarization preservation is equal to one half of the , 4 _ , , , , , , number of points of intersection of the p and 1/p curves. sufficiently closely the limiting case when two of the three solutions coincide at the boundary between the regions of one and three solutions. At 0 = 650 six points of intersection, hence three solutions, are discernible. In Fig. 2 the apparent down-jump of {2 of branch C 2 , when 0 increases from 75 to 800, is not a true disconti-
nuity because it takes place as {2 goes through unity, which is indistinguishable from zero. It is merely an artifact resulting from limiting ¢ to the reduced thickness range of Eq. (12).
In Fig. 5 , curve c shows the net (two-bounce) polarization-independent intensity reflectance vs io of the represents the net polarization-independent reflectance of the coated equals one half of the number of points of intersection of the p and (polarization-corrected) device, while curves p and s represent the 1p curves. A dielectric A1 2 0 3 or Si 2 0 3 film of refractive index 1.55 reflectances of the corresponding uncoated devices for incident paron aluminum (N = 1.212-j6.924) is assumed at X = 0.6328 ,m.
allel-and perpendicularly polarized light, respectively. 1,2) is the normalized film-thickness solution pair; Do. is the film-thickness period in microns; Rlp ,fY?, are the net reflectances of the uncoated device for the p and s polarizations; and RlC is the net reflectance of the coated (polarization-corrected) device. 
Thus polarization preservation by thin-film coatings is achieved at the expense of a loss of several percent of reflectance. However, for 0 ' 570, ]? lies between the minimum p and maximum s reflectances of the uncoated device
It is interesting to note that 0 -570 marks the onset of the region of multiple solutions (see Figs. 2 and 3 ). According to Fig. 5 and (24b), it is therefore significant to observe that thin-film coatings that preserve polarization (at 0 > 570) also enhance the net reflectance of the device above its minimum value for the p polarization in the absence of films. Another noteworthy feature of Fig. 5 is that B 0 goes through a shallow minimum, which is obviously correlated to the minimum of RP at the pseudo-Brewster angle, (PpB 810. Table I lists a summary of the design results of A1 2 0 3 (or Si 2 0 3 )-on-Al polarization-preserving beam displacers and axicons that operate at wavelength X = 0.6328 Atm for three angles of incidence of 30, 45, and 600. The table includes the normalized film-thickness solution pairs (P1,t2) , film-thickness period D,, the p and s reflectances of the uncoated device Bp and NSR, and the net reflectance of the device with the polarization-corrective coatings B 0 . In all cases the net ratio of complex p and s reflection coefficients p, differs from 1 by <10-6 or 10-7 in real and imaginary parts.
Because small errors of film thickness and angle of incidence are inevitable, we consider their effect on the device performance. Specifically, we determine the resulting deviation from the condition of polarization preservation, p, = 1, expressed as a magnitude error, I I -1, and a phase error A. Table II summarizes the magnitude (I p,-1) and phase (A,n) errors generated by (+1-nm, 1-nm) thickness errors and (+0.5, ±0.50) angle-of-incidence errors for the same 30,45, and 600 designs that are given in Table I .
Partial derivatives can be readily deduced from Table  II 
+-= (aAn _
A nj X 1 nm. Similar relations can be written for thickness-related magnitude errors as well as for 0-related phase and magnitude errors.
B. MgF 2 Film on Al Substrate
As a second example, we consider another often-used dielectric coating, namely, magnesium fluoride (refractive index N, = 1.38)9 on an aluminum substrate (N 2 = 1.212-j6.924) at A = 0.6328,um. Application of the design procedure of Sec. II to this film-substrate system leads to the results shown in Fig. 6 . It is interesting to note the drastic change that has resulted from changing the film refractive index from 1.55 (Fig. 2 ) to 1.38 (Fig. 6 ). As seen in Fig. 6 , only one solution for the normalized film-thickness pair (1, 2) per 0 is now possible over a limited range of incidence angles, 340 < 0 < 90°. For 0 $ 340, no solutions exist, so that polarization-preservation could not be achieved at these angles using this MgF 2 /Al system. Figure 7 shows the net reflectance J 0 of the coated (polarization-corrected) parallel-mirror beam displacer or axicon and the p and s reflectances, p and SR, of the corresponding uncoated (bare-aluminum) device.
For angles of incidence 0 > 550, we have JR 0 > Wp, so that the polarization-corrective (also protective) MgF 2 films also enhance the reflectance of the device above and Al are assumed to be 1.38 and 1.212-j6.924, respectively. 
0)
I',.
IV. Polarization-Preserving Beam
Axicons at X = 10.6 ,.m its minimum value for the p polarization in the absence of coatings. In general, the reflectance of the MgF 2 /Al system (Fig. 7 ) is a few percent higher than that of the A1 2 0 3 (or Si 2 0 3 )/Al system (Fig. 5) . Table III provides a summary of design results of polarization-preserving beam displacers and axicons, for three angles X = 35, 45, and 600, using the MgF 2 /Al film-substrate system at X = 0.6328 gm. Table IV gives the computed magnitude and phase errors due to (+1-nm, 1-nm) thickness errors and (+0.5, 0.50) angle-of-incidence errors at these angles.
Displacers and

A. ZnS Film on Ag Substrate
At the IR CO 2 laser wavelength X = 10.6 Am, Ag (and likewise for other metals) has a complex refractive index with a large imaginary part and is very highly reflecting. Over most of the angle of incidence range 0 < < 90°, the p reflectance is only slightly less than the s reflectance, and both reflectances are close to unity. The difference between the p and s reflection phase shifts is also small, so that polarization preservation is approximately satisfied even without dielectric coatings. This is illustrated in Fig. 8 , where nI -1 and A,, are plotted vs 0. pn = I pnI exp (j A) is the net ratio of p and s reflection coefficients for two reflections at the same angle from uncoated Ag surfaces. The magnitude and phase errors increase to unacceptable levels at large angles of incidence approaching 900.
Dielectric coatings that preserve polarization reduce both the magnitude and phase errors shown in Fig. 8 to zero. The design procedure of Sec. II was applied to a transparent film of ZnS (N, = 2.2) on Ag (N 2 = 9.5-j73).6 In this case we found three distinct solutions (t1,2) (polarization-correcting normalized film-thickness pairs) for every angle of incidence over the entire range 0 < < 90°. The three separate solution branches of (1,2) are marked in Fig. 9 as (A,,A2 ), (B,,B 2 ), and (C,,C 2 ).
In Fig. 10 , the net reflectance of the coated device Rc and the net p and s reflectances, Rp and S, of the uncoated device are plotted vs . Rlc has three branches that correspond to the three solution branches of Fig. 9 and are correspondingly labeled. The differences of c among the branches are small, not exceeding -2%. Table V summarizes design results at 0 = 30,45, and 600 of polarization-preserving ZnS/Ag beam displacers and axicons for 10.6-Am CO 2 laser radiation.
Table VI documents magnitude and phase errors, caused by (+l-nm, ±1-nm) film-thickness and (+0.5°, ±0.50) angle-of-incidence errors, for all three solutions at each of the angles 0 = 30, 45, and 600.
B. ThF 4 Film on Ag Substrate
As our final example we take a thorium-fluoride film (N 1 = 1.37)12 on a silver substrate (N 2 = 9.5-j73) at X = 10.6 btm. Figure 11 shows the polarization-correcting Fig. 13 . Phase errors (in degrees) caused by introducing simultaneous film-thickness errors of (Ad,, Ad 2 ) = (+1 nm, ±1 nm) to the design data of Fig. 9 for the ZnS/Ag system at 10.6 ,um. Branch identification is the same as that used in Fig. 9 . For ±1-nm thickness errors and +0.50 angle-of-incidence errors, the (--) and (-+) error combinations yield results of nearly the same magnitude as and of opposite sign to those obtained for the (+ +) and (+ -) error combinations (given in the tables), respectively, at all angles of incidence. This is expected for small errors from first-order analysis. Errors increase with angle of incidence reaching, in most cases, a peak near (but downshifted from) the pseudo-Brewster angle of the substrate.
For a given Ad (e.g., ±1 nm) at a given 4 the magnitude and phase errors decrease with increase of wavelength (they are less at 10.6 Am than at 0.6328 Mm) because of the larger film-thickness period D,5, hence the smaller normalized-thickness error A.( = AdDA6.
We have verified that magnitude and phase errors vary essentially linearly with Ad up to 5 nm and with AO) up to 2.50 (at 4 = 450). However, we encountered one exception, namely, the phase error caused by opposite-sign Ad errors for the A1 2 0 3 (Si 2 0 3 )/Al system.
For illustration, Fig. 13 shows the phase errors caused by thickness errors (Ad,, Ad 2 ) = (+1 nm, 1 nm) plotted vs angle of incidence for the three solution branches (A, B, and C) obtained for the ZnS/Ag system at X = 10.6 m. Figure 14 gives the corresponding phase errors caused by angle-of-incidence errors (4) 1 , A4) 2 ) = (+0.5°, ±0.50) plotted vs 0 for the same system. Note that solution branch B is least susceptible to error.
Similar magnitude-and phase-error curves are available for all other systems and are not included here for brevity. 
V. Summary
In this paper we have described in detail a procedure for the design of single-layer-coated polarization-preserving parallel-mirror beam displacers and axicons. The method has been applied to two film-substrate systems, A1 2 0 3 or Si 2 0 3 /Al and MgF 2 /Al, for H&-Ne laser light (X = 0.6328 Mm) and to two others, ZnS/Ag and ThF 4 /Ag, for CO 2 laser light ( = 10.6 Mm). Results have been documented both graphically and in tables.
